
3 Intersecting sets and poset madness

Chaos is merely order waiting to be deciphered.

—José Saramago

§3.1 The Erdos-Ko-Rado Theorem

Definition 3.1.1. A family of subsets A1, ..., Am of some set S is called intersecting if
Ai ∩Aj 6= ∅ for all i 6= j.

What are some examples? How large can an intersecting family of subsets be? For
example, take all the subsets of {1, . . . , n}. This can’t be an intersecting family because
we see things like {1, 3} and {2, 4, 6} which have nothing in common. Alright, so I can
take for example all the subsets of {1, . . . , n} which contain some fixed element, say 1.
There are 2n−1 such subsets. Can I find any larger collection? Turns out no.

Theorem 3.1.2 (Baby Erdos-Ko-Rado)

Let F be an intersecting family of subsets of {1, . . . , n}. Then,

|F| ≤ 2n−1.

Proof. The proof relies on a very simple observation. Since F is intersecting, there is
no way that A and Ac can both be in F for any subset A of {1, . . . , n}. Since there are
precisely 2n−1 pairs of the form {A,Ac}, this implies precisely that |F| ≤ 2n−1.

Things become much more interesting if we ask for each set in F to have the same size.

Theorem 3.1.3 (Erdos-Ko-Rado)

Let k ≤ n
2 . Then the maximum cardinality of an intersecting family of subsets of [n]

with k elements is
(
n−1
k−1
)
.

Before passing to the proof, let us make a few remarks. First, the hypothesis k ≤ n
2

is crucial, for if k > n
2 , then any two subsets with k elements of [n] have nonempty

intersection. Second, checking that the value
(
n−1
k−1
)

is attained is fairly easy: simply take
all subsets with k elements of [n] that contain 1 (for example). Actually one can prove (I
will not do it) that this is the only case realizing equality.

We will give Katona’s beautiful and short proof, using cyclic permutations. Recall that
a permutation σ of [n] is called cyclic if there are i1, ..., in ∈ [n] pairwise distinct such
that σ(i1) = i2, σ(i2) = i3,. . . ,σ(in) = i1. It is easy to see that there are (n− 1)! cyclic
permutations (there are n! choices for i1, ..., in, but cyclically permuting them gives rise
to the same cyclic permutation).

Proof. We say that a cyclic permutation σ of [n] contains a set Ai if the elements of Ai
are consecutive in σ.
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3.2 Sperner’s Theorem and the LYM Inequality

Lemma 3.1.4

Given a subset A of [n] with k elements, there are n!

(nk)
cyclic permutations σ of [n]

containing A.

Proof. Count in two ways pairs (σ,A), where A is a k-subset of [n] contained in σ. Given
σ, there are n possibilities for A, so we get n(n− 1)! = n! pairs. Let c(A) be the number
of σ containing A. Then c(A) is independent of A having k elements: any two such sets
differ by a permutation of [n] and conjugation by this permutation induces a bijection on
cyclic permutations. Thus the number of pairs is

∑
A c(A) = c(A0)

(
n
k

)
for any A0 having

k elements. The result follows.

Now here is the key lemma:

Lemma 3.1.5

Let A1, ..., Am be an intersecting family of k-element subsets of [n], with k ≤ n
2 .

Then each cyclic permutation σ of [n] contains at most k Ai’s.

Proof. WLOG σ contains A1 and A1 appears as consecutive elements i1, ..., ik in σ. Any
other Ai contained in σ must begin with one of i2, ..., ik or end with some i1, ..., ik−1 (if
not, it begins with i1 and ends with ik, so it is A1). However, if some Ai begins with
is+1, then no Aj can end with is, since Ai ∩Aj 6= ∅ and 2k ≤ n (draw a circle with the
is’s consecutive on it and everything will be clear!). The result follows.

Now we are done: count in two ways pairs (σ, i) where σ is a cyclic permutation
containing Ai. By the second lemma there are at most (n− 1)! · k such pairs. By the
first lemma, there are m · n!

(nk)
such pairs. The result follows immediately.

§3.2 Sperner’s Theorem and the LYM Inequality

The following result is one of the most important ones in extremal set theory. An
antichain in [n] := {1, . . . , n} is simply a family of (pairwise distinct) subsets of [n] such
that A is not a subset of B whenever A,B are distinct subsets in the family.

Theorem 3.2.1 (Sperner’s theorem)

The maximal size of an antichain in [n] is
(

n
[n/2]

)
.

There are a few proofs in the book. We deduce this here from a more complicated
result:

Theorem 3.2.2 (LYM inequality, Lubell, Yamamoto, Meshalkin)

Let A be an antichain in [n]. Then∑
A∈A

1(
n
|A|
) ≤ 1.
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3.2 Sperner’s Theorem and the LYM Inequality

Proof. The following beautiful proof is due to Lubell. A chain will be a family C =
(C1, ..., Cn) of subsets of [n] such that C1 ⊂ ... ⊂ Cn and |Ci| = i. To construct it, we
need to choose an element of [n] and then successively add one extra element. Thus there
are n! chains. We will count pairs (A,C), where A ∈ A and C is a chain such that A
is a member of C (i.e. A is some Ci). Since A is an antichain, for any chain C there is
at most 1 subset A in A such that C contains A. So the number of pairs is ≤ n!. On
the other hand, it is easy to see that given a subset X with k elements of [n], there are
precisely k!(n− k)! chains having X as one of the members. So the number of pairs is∑

A∈A
|A|!(n− |A|)! ≤ n!

and the result follows by dividing by n!.

Proof of Theorem 3.2.1. To get an antichain of that size, simply choose all subsets
with [n/2] elements. Conversely, if A is an antichain, since

(
n

[n/2]

)
= maxk

(
n
k

)
we deduce

from the LYM inequality that

1 ≥
∑
A∈A

1(
n
|A|
) ≥ |A|(

n
[n/2]

)
and the result follows.

�
This has the following beautiful application. We note that the theorem actually holds

for arbitrary vectors and any ball of radius 1, but we stick to the 1-dimensional case for
simplicity.

Example 3.2.3 (Littlewood-Offord problem)

Let a1, . . . , an be real numbers of absolute value |ai| ≥ 1. Consider the 2n linear
combinations

∑n
i=1 εiai, εi ∈ {−1,+1}. Then the number of sums which are in any

interval (x− 1, x+ 1) is at most
(

n
[n/2]

)
.

An interpretation of this theorem is that for any random walk on the real line, where
the i-th step is either +ai or −ai at random, the probability that after n steps we end
up in some fixed interval (x− 1, x+ 1) ist at most

(
n

[n/2]

)
/2n = O(1/

√
n).

Proof. We can assume that ai ≥ 1. For ε ∈ {−1, 1}n, let I = {i ∈ [n] : εi = +1}. If
I ⊂ I ′, and ε′ corresponds to I ′, we have∑

ε′iai −
∑

εiai = 2
∑
i∈I′−I

ai ≥ 2|I ′ − I|.

Thus, if I is a proper subset of I ′ then only one of them can correspond to a sum inside
(x− 1, x+ 1). Consequently, the sums inside (x− 1, x+ 1) correspond to an antichain
and we can have at most

(
n

[n/2]

)
such sums by Sperner’s lemma.

Speaking of Sperner’s theorem, we take the opportunity to emphasize that there is
another beautiful theorem under his name which can be proven using a double counting
argument.

We say that a triangle subdivision of a planar triangle T is a partition of T into small
triangles such that any two triangles are either disjoint, share a vertex or share a face
(in some other places this is called a triangulation). A proper coloring of a triangle
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3.3 Chain Decompositions and Their Applications

subdivision is an assignment of 3 colors to the vertices of the subdivision, so that the
vertices of T receive all different colors, and points on each side use only the colors of the
vertices defining the respective side of T . (Note that we do not require that endpoints of
an edge receive different colors.)

Theorem 3.2.4 (Sperner’s other theorem)

Every properly colored triangle subdivision contains a (small) triangle whose vertices
have all different colors.

Proof. Note that there is a one-dimensional version of this problem as well. Namely, if
we have a line segment (a, b), subdivided into smaller segments and we color the vertices
of the subdivision with 2 colors, then there is definitely a small segment on (a, b) that
has its endpoints colored differently. In fact there is an odd number of them!

For the triangle case, let Q denote the number of triangles colored (1, 1, 2) or (1, 2, 2),
and let R be the number of triangles labeled (1, 2, 3). Consider edges in the subdivision
whose endpoints receive colors 1 and 2. Let X denote the number of boundary edges
colored (1, 2), and Y the number of interior edges colored (1, 2) (inside the triangle T ).
We count in two different ways:

(i) Over triangles of the subdivision: for each triangle of type Q, we get 2 colored
(1, 2), while for each cell of type R, we get exactly 1 such edge. Note that this way we
count internal edges of type (1, 2) twice, whereas boundary edges only once. Hence,
2Q+R = X + 2Y .

(ii) Over the boundary of T : edges colored (1, 2) can be only inside the edge between
two vertices of T colored 1 and 2. As we already argued in the first paragraph, X is odd;
hence (i) implies that R is odd. In particular, there has to be some small triangle of the
subdivision with different labels.

This theorem can be generalized to n dimensions using induction. Its main application
consists of the celebrated Brouwer fixed point theorem.

Theorem 3.2.5 (Brouwer’s fixed point theorem)

Let Bn denote an n-dimensional ball. For any continuous map f : Bn → Bn, there
is a point x ∈ Bn such that f(x) = x.

The full proof requires some topology and so it is beyond the scope of this class.

§3.3 Chain Decompositions and Their Applications

Let S be a finite set. A family A1, ..., Ah of subsets of S forms a chain if Ai ⊂ Ai+1 and
|Ai+1| = 1 + |Ai| for all i. This chain is symmetric if moreover |A1|+ |Ah| = |S|.

Similarly, we can define chains and symmetric chains for the set of positive divisors of
some positive integer n: d1, ..., dh form a chain if di+1/di is a prime number for all i, and
the chain is symmetric if moreover f(d1) + f(dh) = f(n), where f(x) is the number of
prime factors of x, counted with multiplicities.

Remark 3.3.1. Actually one can define the notion of chain and symmetric chain in a
very general context. We’ll only stick to the previous examples in these notes for sake of
simplicity.
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3.4 Mirsky and Dilworth

Theorem 3.3.2 (de Bruijn, Tengbergen, Kruyswijk)

The set of positive divisors of a positive integer n can be partitioned into symmetric
chains. The same happens with the set of subsets of a finite set S.

Proof. The second part follows easily from the first part (applied to a square-free integer)
and I leave this deduction as an exercise. The first part will be proved by induction on
the number k of distinct prime factors of n. If k = 1, then n is a power of a prime p, and
1, p, p2, ..., n is already a symmetric chain. Suppose the result holds for numbers with k
prime factors and let n have k + 1 prime factors.

Choose any prime factor p of n and write n = psm, with m relatively prime to p and
s ≥ 1. Note that m has k prime factors, so we can use the induction hypothesis for it
and write the set of its divisors as a disjoint union of symmetric chains. Choose such
a chain d1, ..., dh. We’ll partition the divisors d1, d1p, ..., d1p

s, d2, ..., d2p
s, ..., dh, ..., dhp

s

into symmetric chains. Doing this for all chains d1, ..., dh we’ll get the desired result for
n.

Consider a matrix whose row of index i (1 ≤ i ≤ s+ 1) has entries

d1p
i−1, d2p

i−1, ..., dhp
i−1.

Now the first chain will be formed by elements in the first row and last column:

d1, d2, ..., dh, dhp, ..., dhp
s.

Easily, this chain is symmetric. The second chain consists of what remains from the second
row and next to last column, namely d1p, d2p, ..., dh−1p, dh−1p

2, ..., dh−1p
s. It is also

symmetric. We continue like this and obtain the desired symmetric chain decomposition
(draw a picture to see what is actually happening!).

Note that the theorem trivially implies Sperner’s theorem: consider a symmetric chain
decomposition of the subsets of [n]. There are exactly

(
n

[n/2]

)
chains in the partition,

since each chain contains exactly one subset of size [n/2]. But each antichain contains at
most one member of each chain in the decomposition.

§3.4 Mirsky and Dilworth

We will now discuss two very general and important theorems in combinatorics. Before
doing that, we need to introduce the notion of partially ordered set , which we will
conventionally abbreviate as poset . A binary relation on a set X is simply the data of a
subset of X ×X, i.e. we select some ordered pairs (x, y) of elements of X. If (x, y) is a
selected pair, we say that x is in relation with y. When we talk about order relations,
we usually write x ≤ y instead of saying that (x, y) is selected. Now an order relation is
simply a binary relation ≤ for which

• x ≤ x for all x

• if x ≤ y and y ≤ x, then x = y

• if x ≤ y and y ≤ z, then x ≤ z.

A poset is just a set with an order relation. The fundamental examples are positive
integers with divisibility relation, real numbers with the usual order relation, subsets of a
set S with the inclusion relation, etc.
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3.5 Additional Reading

A chain in a poset P is the data of a family x1, ..., xk ∈ P such that x1 ≤ . . . ≤ xk. We
call k the length of the chain. An antichain is the data of a family x1, ..., xk of elements
of P such that xi is not less than or equal to j for any i 6= j, i.e. no two elements are
comparable. The following results are fundamental in combinatorics.

Theorem 3.4.1 (Mirsky)

The maximal size of a chain in a finite poset P is the minimum number of antichains
that partition P .

Proof. Say the size of a longest chain is k.
First, choose a chain C of size k. If A1, ..., As is a partition of P into antichains, then

C meets each Ai in at most one element, so k ≤ s.
On the other hand, for each x ∈ P let f(x) be the size of the longest chain ending at x.

If f(x) = f(y), then x and y are incomparable. Thus Ai = {x ∈ P |f(x) = i} for i ∈ [k]
form a partition of P into k antichains.

Theorem 3.4.2 (Dilworth)

Let P be a finite poset. Then the maximum size of an antichain in P equals the
minimum number of chains into which P can be partitioned.

Proof. Say antichains in P have maximum size k. If we have a partition of P into c chains,
then each antichain contains at most one member from each chain, so each antichain has
at most c elements and we get k ≤ c.

For the other inequality, we use induction on |P |. Start by choosing a maximal chain
C : x1 < ... < xp in P (i.e. a chain which cannot be extended to a larger chain). We
distinguish two cases:

• antichains in P −C have at most k− 1 elements. By induction P −C is partitioned
into k − 1 chains and we add C to get a partition of P .

• There is an anti-chain A = {a1, ..., ak} in P − C. Let

P+ = ∪i{x ∈ P |x ≥ ai}, P− = ∪i{x ∈ P |x ≤ ai}.

Note that P+ ∩ P− = A, since A is an antichain. We claim that P = P+ ∪ P−. If x ∈ P
is not in P+ ∪ P−, then A ∪ {x} is an antichain of length k + 1, a contradiction. Finally,
note that P− 6= P and P+ 6= P . Indeed, we have xp /∈ P−, as otherwise x ≤ ai for some
i, thus necessarily x < ai and then C is not maximal (the argument for P+ is similar).

Now, by induction we can partition P− into k chains C−1 , ..., C
−
k . Each element of A is

in precisely one C−i , so by renumbering the C−i ’s we may assume that ai ∈ C−i . Note
that the maximal element of C−i is necessarily ai, since otherwise this maximum would
be in (P+ ∪ P−) − A = ∅. Similarly we obtain a partition P+ = C+

1 ∪ ... ∪ C
+
k with

ai the minimum element in C+
i . But then Ci = C+

i ∪ C
−
i form a partition of P into k

chains.

§3.5 Additional Reading

Chapter 2 and Sections 7.1, 7.2 from the textbook, i.e. “Invitation to Discrete Mathe-
matics” (2nd ed.) by Jiri Matousek and Jaroslav Nesetril.
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3.6 Problems

§3.6 Problems

These are some problems to practice the material above and do not represent homework
unless explicitly mentioned otherwise. Give them a try! Some of them will be discussed
by your TA during the upcoming discussion sessions from 4 to 5 PM on Tuesdays and
Thursdays. I also included some solutions/sketches below.

Problem 3.6.1. Consider mn+ 1 closed intervals. Prove that either we can find m+ 1
pairwise disjoint intervals or we can find n+ 1 intervals with a nonempty intersection.

Problem 3.6.2. In a finite collection of intervals, among any k+ 1 we can find two with
nonempty intersection. Prove that we can partition the collection into k subsets such
that the intervals in each subset have pairwise nonempty intersections.

Problem 3.6.3. Given n sets, prove that we can choose at least
√
n of them so that the

union of no 2 of them is a third.

Problem 3.6.4. Suppose that k ≤ 2n
3 and A1, ..., Am are k-subsets of [n] such that

Ai ∩Aj ∩Ak 6= ∅ for all i, j, k. Prove that m ≤
(
n−1
k−1
)
.

Problem 3.6.5. Let A1, ..., Am ⊂ [n] be such that if Ai ∩ Aj = ∅, then Ai ∪ Aj = [n].

Prove that m ≤ 2n−1 +
( n−1
[n−2

2
]

)
.

Problem 3.6.6. Let x1, ..., xn be positive real numbers, with n > 1. Show that there

are less than 2n√
n

subsets A of [n] such that
∑

i∈A xi = 1.

Problem 3.6.7. Given 1001 rectangles with lengths and widths chosen from the set
{1, 2, 3, . . . , 1000}, prove that we can choose three of these rectangles, say A,B,C, such
that A fits inside B and B fits inside C (rotations allowed).

Problem 3.6.8. The degree of a positive integer is the sum of the exponents of the
primes in its prime factorization. Let m ≥ 2 of degree n and let d1, ..., dl be some positive
divisors of m such that no di divides dj with i 6= j. Then l ≤ L, where L is the number
of divisors of m with degree [n/2].

Problem 3.6.9. Let k ≤ h ≤ n−k and let A1, ..., Am be distinct subsets with k elements
of [n]. Prove that we can find distinct subsets B1, ..., Bm with h elements of [n] such that
Ai and Bi are disjoint for all i.

Problem 3.6.10. Improve the second lemma in the proof of the EKR theorem as follows:
suppose that A1, ..., Am is an intersecting antichain in [n], such that |Ai| ≤ n

2 for all i.
Let σ be a cyclic permutation of [n] and suppose σ contains Ai for some i. Prove that σ
contains at most |Ai| subsets among A1, ..., Am.

Problem 3.6.11. Let A1, ..., Am be an intersecting antichain in [n] such that max |Ai| ≤
n
2 .

a) Prove that for all cyclic permutations σ of [n] we have∑
Ai⊂σ

1

|Ai|
≤ 1.

b) Deduce the following theorem of Bollobas: if A1, ..., Am is an intersecting antichain
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3.6 Problems

in [n] such that max |Ai| ≤ n
2 , then

m∑
i=1

1(
n−1
|Ai|−1

) ≤ 1.

Problem 3.6.12. Let k ≤ n
2 and let A1, ..., Am be an intersecting antichain in [n] such

that |Ai| ≤ k for all i. Prove that m ≤
(
n−1
k−1
)
. Moreover, if we have equality, then

necessarily |Ai| = k for all i.

Problem 3.6.13. Let an integer n > 1 be given. In the space with orthogonal coordinate
systemOxyz we denote by T the set of all points (x, y, z) with x, y, z are integers, satisfying
the condition: 1 ≤ x, y, z ≤ n. We paint all the points of T in such a way that: if the
point A(x0, y0, z0) is painted then points B(x1, y1, z1) for which x1 ≤ x0, y1 ≤ y0 and
z1 ≤ z0 is not be painted. Find the maximal number of points that we can paint in such
a way the above mentioned condition is satisfied.

Problem 3.6.14. Given k ≤ n, find the largest m such that we can find m chains of
k+ 1 distinct subsets of [n] such that no member of any chain is a subset of a member of
any other chain.

Problem 3.6.15. Let k < n and let P be the set of subsets of [n] that intersect [k].

a) Prove the following theorem of Griggs: P is the union of chains, each of each is a
symmetric chain in some symmetric chain decomposition of the subsets of S, or a
symmetric chain minus its first element.

b) Prove that antichains in P have length at most
(

n
[n/2]

)
−
(
n−k
[n/2]

)
.
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3.7 Selected Solutions

§3.7 Selected Solutions

Solution 3.6.1. Let Ii = [ai, bi] be these intervals and say that Ii < Ij if bi < aj . Chains
of length t correspond to the choice of t pairwise disjoint intervals. So if we cannot find
m + 1 pairwise disjoint intervals, then Dilworth says that we can find an antichain of
length n + 1, say Ii1 , ..., Iin+1 . If a = max(ai1 , ...) and b = min(bi1 , ...), then a ≤ b and
we got n+ 1 intervals with nonempty intersection.

Solution 3.6.2. If I = [a, b] and J = [c, d] are in the collection, say I < J if b < c. By
hypothesis there are no chains of length k + 1, so by Mirsky’s theorem the collection
can be partitioned into k antichains. But in an anti-chain the pairwise intersections are
nonempty!

Solution 3.6.3. By Dilworth, either we can find a chain of size ≥
√
n or every chain

decomposition of the Ai’s needs more than
√
n chains (and then there is an antichain of

more than
√
n sets). Since a chain and an antichain have the required property, we are

done.

Solution 3.6.4. The proof is exactly the same as that of the EKR theorem.

Solution 3.6.5. Every time we have two complementary sets among A1, ..., Am, we
remove the smaller one. After throwing out these subsets we end up with an intersecting
family, by hypothesis. Now, by Erdos-Ko-Rado we removed at most

(
n−1

[n/2]−1
)

subsets.

And since the remaining ones form an intersecting family, there are at most 2n−1 of them.
The result follows.

Solution 3.6.6. It all comes down to
(

n
[n/2]

)
< 2n√

n
. Actually one easily proves by

induction the stronger inequality
(

n
[n/2]

)
< 2n√

n+1
.

Solution 3.6.7. Rotate the rectangles so that their length ` is at most their width w;
say li and wi are the length and width of rectangle Ri. Introduce the order relation
defined by Ri ≤ Rj if li ≤ lj and wi ≤ wj . If the conclusion of the problem is
wrong, then the maximum length of a chain is 2. Thus we need at least 501 chains
to cover the set of rectangles, and so there is an antichain of length at least 501. Let
1 ≤ `i1 < `i2 < · · · < `i501 ≤ 1000 be the lengths of 501 rectangles from this antichain, then
`i501 ≥ 501. But then 1000 ≥ wi1 > wi2 > · · · > wi501 , so wi501 ≤ 500, in contradiction
with wi501 ≥ `i501 ≥ 501. Therefore there must exist a chain of size at least 3.

Solution 3.6.8. Take a symmetric chain decomposition of the divisors of m. Each
divisor of degree [n/2] is contained in just one chain, and each chain contains exactly one
divisor of degree [n/2]. So L is the number of chains. Now each chain contains at most
one di, so l ≤ L.

Solution 3.6.9. Pick a symmetric chain decomposition and choose for Bi the subset
with h elements occurring in the same chain as [n]−Ai.

Solution 3.6.10. The proof is the same!

Solution 3.6.11. a) If σ contains no Ai, then this is clear, otherwise take i such that
Ai ⊂ σ and |Ai| is minimal. By the previous exercise there are at most |Ai| nonzero
terms in the sum, each at most 1/|Ai|, hence the result.

b) Add the inequalities in a) over all cyclic σ and use the first lemma in the proof of
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3.7 Selected Solutions

the EKR theorem to get∑
i

n!(
n
|Ai|
) · 1

|Ai|
=
∑
i

∑
Ai⊂σ

1

|Ai|
=
∑
σ

∑
Ai⊂σ

1

|Ai|
≤ (n− 1)!.

The rest is obvious.

Solution 3.6.12. This is an immediate consequence of the previous theorem of Bollobas.

Solution 3.6.13. The problem is equivalent to finding the maximal number of divisors
of 2n ·3n ·5n such that no two are comparable with respect to divisibility. This is given by
the previous problem, namely the number of solutions of the equation x+ y + z = [3n/2].
This can be explicitly computed, with some care...

Solution 3.6.14. We claim that m =
( n−k
[n−k

2
]

)
. To see that this value is attained, consider

all subsets X of {k+ 1, ..., n} with [n−k2 ] elements and for each such X consider the chain
X ⊂ X ∪ {1} ⊂ ... ⊂ X ∪ {1, ..., k}.

For the other inequality, pick any family of chains Ai,0 ⊂ ... ⊂ Ai,k for 1 ≤ i ≤ m
satisfying the conditions of the problem. Let Ai = Ai,0 and Bi = [n]−Ai,k. Note that
Ai ∩Bi = ∅ and Ai ∩Bj 6= ∅ for i 6= j (the first claim is obvious, for the second one argue
by contradiction and get Ai,0 ⊂ Aj,k, a contradiction). So we can use Bollobas’ theorem
to get

m∑
i=1

1(|Ai|+|Bi|
|Ai|

) ≤ 1.

Since |Ai| + |Bi| ≤ n − k, we obtain
(|Ai|+|Bi|
|Ai|

)
≤
(
n−k
|Ai,0|

)
≤
( n−k
[n−k

2
]

)
and combining this

with the previous inequality we obtain m ≤
( n−k
[n−k

2
]

)
, hence the problem is solved.

Solution 3.6.15. a) Take a symmetric chain decomposition. We claim that if a sym-
metric chain intersects [k], then it is either contained in P or the chain except its first
element is contained in P . This is actually essentially obvious!

b) Any antichain contains at most one member of each chain as in a). The number of
such chains is the number of subsets with [n/2] elements that intersect [k], and this is(

n
[n/2]

)
−
(
n−k
[n/2]

)
.
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