
4 Introduction to graph theory

The purpose of life is to prove and to conjecture.

—Paul Erdős

In mathematics and computer science, graph theory is the study of graphs, which
are mathematical structures used to model pairwise relations between various objects.
In principle, these are rather simple structures but once one starts studying them and
asking the right questions, a lot of interesting mathematics emerges.

§4.1 Standard definitions

We begin this chapter by collecting the most important standard definitions in graph
theory. Lists can be boring and depending on your previous exposure to combinatorics,
you might already know some of them. If you don’t know any of the terminology, that is
perfectly fine. Regardless of your experience, the best way to use this section is to read a
few things (until you get bored) and then to jump to the math. When the math involves
a term you do not understand, go back to the list and look it up.

Let’s now start with the formal definitions.

1. A graph G is a pair of sets (V (G), E(G)), where V (G) is a set of points (or vertices)
and E(G) is a subset of V (G)× V (G). Visually, each element from the set E(G)
can be represented as a curve connecting the two corresponding points, thus we
will call these the edges of graph G. Note that with the above definition, graphs
cannot have parallel edges, i.e. edges between two given vertices u and v, but
they can have loops, i.e. edges in E(G) of the form (w,w) for w ∈ V (G).

In this class we will usually consider simple graphs, which do not contain parallel
edges or loops.

2. The degree of a vertex x is the number of edges containing x (note that loops are
counted twice).

3. A loop in a graph is an edge whose endpoints coincide. Two edges with the same
pair of endpoints are called parallel. A graph G is simple if it has no loop or
parallel edges. We can then see E as a subset of the set of 2-subsets of V .

Good News 4.1.1

In Math 244, all graph will be simple unless specified otherwise!

4. A directed graph (or digraph) is the data of finite sets V,E, plus a map from
E to ordered pairs of elements of V . The first element in the pair associated to
an edge e ∈ E is called the tail of the edge, the second one is called the head.
One has the obvious analogue of parallel edges (same head and tail) and simple
digraphs (no parallel edges). The in degree d−(x)/outdegre d+(x) of a vertex x in
a digraph is the number of edges having head/tail x.
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4.1 Standard definitions

5. An orientation of a graph is the digraph obtained from G by declaring for each
edge one of its endpoints as head and the other one as tail.

6. An oriented graph/simple graph is a digraph without loops and in which at
most one edge joins any two vertices.

Good News 4.1.2

In Math 244, all graph will be undirected unless specified otherwise!

7. A hypergraph is the data of finite sets V,E and a map from E to the set of
subsets of V . So to each edge e ∈ E we associate a subset of V , called the set of
endpoints of e. Two edges are parallel if they have the same endpoints. The hyper
graph is simple if it has no parallel edges. An r-uniform hypergraph is one in
which each edge has r endpoints. A 2-uniform hypergraph is simply a graph.

8. The complete r-uniform hypergraph on n vertices Kr
n is the simple hyper-

graph with n vertices, the set of edges being the set of all r-element subsets of the
set of vertices.

Good News 4.1.3

In Math 244, most of the graph theory that we will study will be about graphs
(and not hypergraphs). But I reserve the right to tell you some stories every
now and then about hypergraphs as well!

9. A walk in a (di)graph G is a sequence (x1, ..., xk+1) of vertices and a sequence
(e1, ..., ek) of edges such that xi, xi+1 are endpoints of ei. Of course, if the graph
is simple, we only need to give the sequence (x1, ..., xk+1). The number k is the
length of the walk.

10. A graph G is connected if between any two vertices u, v ∈ V (G) there is a walk
W ⊂ G with endpoints u and v.

11. A digraph G is strongly connected if between any two vertices u, v ∈ V (G) there
exist walks W1,W2 ⊂ G from u to v and from v to u, respectively.

12. A closed walk is one for which xk+1 = x1.

13. A trail is a walk where no edge is used twice. An Eulerian trail is a trail
connecting all edges of a (di)graph. A (di)graph having such a trail is called
Eulerian. A closed trail is called an Eulerian circuit.

14. A path in a (di)graph is a walk in which the vertices x1, ..., xk+1 are distinct. The
distance between two vertices x, y ∈ V is the minimum length of paths connecting
x and y (and ∞ if there is no such path). The diameter of the graph is the
maximum distance between vertices.

15. A cycle in a graph G is a closed walk in which x1, ..., xk are distinct vertices and
e1, ..., ek are distinct edges.

16. A cycle in a digraph G is a cycle in the graph obtained by replacing each oriented
edge in G by an unoriented edge with the same endpoints.
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4.2 Basic (but not necessarily simple) facts

17. A Hamiltonian cycle/path is a circuit/cycle/path containing all vertices of the
(di)graph.

18. A forest is a (not necessarily connected) graph G without any cycles.

19. A tree is a connected forest.

20. The girth of a graph G is the length of its shortest cycle.

21. A proper k-coloring of a hyper/di/graph is a k-coloring of its vertices such
that no edge has all its endpoints of the same color. If such a hyper/di/graph has
a good k-coloring, say it is k-colorable. The chromatic number χ(G) is the least
k for which there is a good k-coloring (note that χ(G) =∞ if G has a loop).

§4.2 Basic (but not necessarily simple) facts

Whenever we don’t mention whether the graph is directed or not, we will assume that
the graph is undirected. In this subsection, we collect some classical results that can be
justified from first principles.

Bad News 4.2.1

While I will prove most of these in class (and will draw many pictures!), I will not
include these proofs in these notes. Most of these proofs (along with many pictures)
are also available in the textbook (in Chapters 4 and 5) and are also easy to find
online.

1. Every graph with ≥ 2 vertices has two vertices with the same degree.

2. (Handshaking lemma) For every simple graph G, we have that∑
x∈V (G)

deg x = 2|E(G)|.

3. If G is not connected, there is a partition X, Y of V (G) into two non-empty subsets
X, Y so that no edge of G has an end in X and an end in Y . Moreover, if not
connected, G can be partitioned into a collection of maximal connected subgraphs.
These subgraphs of G are called its connected components.

4. For any graph G, at least one of G and Gc, its complement, is connected.

5. Every tree T = (V,E) has the following properties:

(a) there is a unique path between every pair of vertices;

(b) removing any edge disconnects the graph;

(c) every tree with at least two vertices has at least two leaves;

(d) |V |=|E|+1.

6. Let T be a tree with |V (T )| ≥ 2; let X be the set of leaves of T (vertices of degree
1). If T contains a vertex of degree d, then |X| ≥ d. In particular, every tree has
at least two distinct leaves.

3



4.3 Cayley’s theorem

7. A bipartition of G is a pair (A,B) of subsets of V (G) so that A ∩ B = ∅,
A ∪B = V (G) and every edge of G has one end in A and the other in B. We say
G is bipartite if it has a bipartition. For a graph G, being bipartite is equivalent
with having no odd length cycles.

8. If E(G) 6= ∅ and G has no leaf, then G has a cycle. Moreover, if every vertex of G
has even degree, there are cycles C1, . . . , Ck of G so that every G is in exactly one
of them.

9. (Euler’s theorem). If G is a non-null connected graph, then there is a closed walk
using each edge exactly once if and only if every vertex of G has even degree.

10. (Dirac/Ore’s theorem) If G is simple, with n ≥ 3 vertices, and deg u+ deg v ≥ n
for every two non-adjacent vertices u, v, then G has a Hamiltonian cycle.

11. If X ⊂ V (G) and G − X has > |X| connected components, then G has no
Hamiltonian cycle. Notice that this explains why some graphs (such as K5,6 have
no Hamiltonian cycle, but it does not explain every case (for instance, the Petersen
graph).

12. A subgraph T of G is a spanning tree of G if T is a tree and V (T ) = V (G). Note
that every connected graph G has a spanning tree. Let T be such a tree and let
f ∈ E(G) − E(T ). Note that T ∪ {f} contains precisely one cycle. This cycle is
called the fundamental cycle of f with respect to T . Moreover, if C is this
fundamental cycle, note that for every e ∈ E(C)−{f}, we have that T + f − e is a
spanning tree of G.

§4.3 Cayley’s theorem

Theorem 4.3.1 (Cayley’s Theorem)

The number of spanning trees of a complete graph on n vertices is nn−2.

Here, by a complete graph on n vertices recall that we mean a graph Kn with n
vertices where E(Kn) is the set of all possible pairs in

(
V (Kn)

2

)
. In particular, note that

|E(G)| =
(
n
2

)
, since we are only considering simple graphs that do not have loops or

multiple edges.
There are many remarkable proofs of Cayley’s result from 1889. Martin Aigner and

Günter Ziegler even dedicated a chapter in their famous Proofs from the Book , where they
survey some motivating small cases and four different proofs. Here, we revisit the fourth
one due to Jim Pitman, which uses double counting, since it is the most natural one
in my opinion, it is from The Book, and can actually be slightly simplified (especially
notation-wise).

Proof. We begin by saying that a directed tree is a rooted graph that has a simple path
from the root to every vertex in the graph.

The quantity we will compute in two different ways is the number τ of different
sequences of directed edges that can be added to an empty graph on n vertices to yield a
rooted tree.
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4.4 Two min-cost spanning tree algorithms

First way: we start with a spanning tree on the empty graph (Tn choices). Pick a root
for the tree (n choices), and note that given the root, the direction of every edge is fully
determined. By Fact 5, there are n− 1 directed edges to insert in any order in our graph
((n− 1)! ways to order them). In total, there are Tn · n · (n− 1)! different sequences of
directed edges to add in a graph so as to form a directed rooted tree; so

τ = Tn · n · (n− 1)!

Second way: we start with an empty graph on n vertices and we add the n− 1 directed
edges one by one until we construct a rooted tree spanning the n vertices. At every step
k = 1, . . . , n−1, let nk be the number of possible directed edges from which to choose the
edge to add. Note that an edge is completely defined when its tail and head are picked.
Hence, the number of possible directed edges at every step is the product of the number
of ways to choose a tail and the number of ways to choose a head. Initially, we have a
forest of n empty rooted trees, hence n1 = n(n− 1) (since we have n ways to choose the
tail and n− 1 ways to choose the head. Next, note that the graph is a collection of n− 1
trees (initially there were n trivial trees, but now we joined two vertices together). When
we choose the k-th edge, we can still pick any of the n vertices as the tail, but now we
only have n− k options for the head (since the edge has to be pointed to the root of a
tree that is different from the one where the tail belongs). Consequently, nk = n(n− k)
for all k = 1, . . . , n− 1. It thus follows that there are

τ =
n∏

k=1

nk = nn−1(n− 1)!

ways to add the edges.
Putting the two counts together, we get that Tn = nn−2, as desired.

In general, one can find the number of spanning trees for any graph G, however this
is a much more delicate task and requires some linear algebra. We will do this towards
the end of the course, if time permits. As a teaser, compute the determinant of the
(n− 1)× (n− 1) matrix 

n− 1 −1 · · · −1

−1
. . .

. . .
...

...
. . .

. . . −1
−1 · · · −1 n− 1

 .

§4.4 Two min-cost spanning tree algorithms

Spanning trees appear a lot in computer sciences and have numerous applications. But
as we have seen in the previous section, there are quite many of them! Consequently, if
we want to write down an algorithm that at some point tracks down a specific spanning
tree, we can run into computational issues if we just enumerate and check each one of
them.

In this subsection, we describe two simple (and VERY fast) algorithms to find minimum
spanning trees in connected (weighted graphs). The setup is as follows. Let G be a graph
and for each edge e let w(e) be a number. A spanning tree T of G with∑

e∈E(T )

w(e)
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4.4 Two min-cost spanning tree algorithms

minimum is called a min-cost tree.

An immediate consequence of the definition is the following observation.

Lemma 4.4.1

Let G, w be as above, and let T be a min-cost tree. Let f ∈ E(G)− E(T ), and let
e be an edge of the fundamental cycle of f with respect to T . Then w(e) ≤ w(f).

Algorithm 4.4.2 (Kruskal’s algorithm)

Given a non-null connected graph G and numbers w(e) for all e ∈ E(G) the following
process finds a min-cost tree: for 1 ≤ i < n := |V (G)|, chooes an edge ei of G with
w(ei) minimum so that ei 6= e1, . . . , ei−1 and {e1, . . . , ei−1} ∪ {ei} contains no cycles.
Output the tree with edge set {e1, . . . , en−1}.

Proof. Let e1, . . . , en−1 be the edges generated by Kruskal’s algorithm. Choose i ∈
{1, . . . , n} maximum such that there is a min-cost tree containing all e1, . . . , ei−1. (Such
a value of i exists, because we can take i = 1 no larger value works). We claim that
i = n; for suppose not. Let T be a min-cost tree containing e1, . . . , ei−1. Then ei 6∈ E(T )
from the maximality of i; let C be the fundamental cycle of ei with respect to T . Since
Kruskal’s algorithm chose the edge ei, there is no cycle included in {e1, . . . , ei}, and so
some edge e of C is not in {e1, . . . , ei}. There is no cycle incldued in {e1, . . . , ei−1, e}
since all these edges belong to T ; and since the algorithm chose ei rather than e, it
follows that w(ei) ≤ w(e). But w(ei) ≥ w(e) by the Lemma above. Hence, w(ei) = w(e).
Now, the spanning tree T ′ with edge set E(T ) ∪ {e} − {ei} is a min-cost tree and has
e1, . . . , ei ∈ E(T ′), in contradiction with the maximality of i. Consequently, i = n, and
so the tree with edge set {e1, . . . , en−1} is a min-cost tree.

The second algorithm is the so-called Prim algorithm. This one makes use of the
so-called cut property. A cut is a pair (S, V − S) that is a bipartition of the vertices.

Lemma 4.4.3

Assume all edge weights are distinct. Let S ⊂ V (S 6= ∅). Let e be the minimum-
weight edge with one endpoint in S and the other in V − S. Then every min-cost
tree contains e.

Proof. Suppose that there is some spanning tree T ′ that does not contain e = (u, v).
Then there must be some other path P in T ′ from u to v. Starting at u, follow the
vertices of P : since (u, v) crosses from S to V − S, there must be some first vertex
v′ ∈ V − S on P . Let u′ be the last vertex before it in S. Then e′ = (u′, v′) ∈ T ′ and e′

crosses between S and V − S. Consider then T = T ′ ∪ {e} − {e′}. This is a spanning
tree and has lower cost that T ′.

6



4.5 Additional Reading

This observation leads to the following algorithm.

Algorithm 4.4.4 (Prim’s algorithm)

Initialize S = {s} for some root note s. At every iteration, grow S by one vertex v,
adding the vertex v ∈ V − S that minimizes the attachment cost:

min
e=(u,v):u∈S

w(e).

Include edge e to S. (This stops when S = V .) Output S (together with the added
edges). This forms a min-cost tree.

§4.5 Additional Reading

Chapter 4 (everything except Section 4.7) and Chapter 5 from the textbook, i.e. “Invita-
tion to Discrete Mathematics” (2nd ed.) by Jiri Matousek and Jaroslav Nesetril.

§4.6 Planar Graphs

When a graph can be drawn in such a way that no two edges intersect each other, the
graph is called planar.

Consider a drawing of a planar graph. We call such a drawing a plane embedding.
If we remove this plane embedding from the plane, the plane is cut up into a number of
connected parts, called faces.

Theorem 4.6.1 (Euler’s formula)

Let G = (V,E) be a connected planar graph, and let F be the set of faces of a fixed
embedding of G. Then,

|V (G)| − |E(G)|+ |F (G)| = 2.

If G is not connected, then |V (G)| − |E(G)|+ |F (G)| = 1 + c, where c is the number
of components of G.

One can prove this very easily by induction on |E(G)|. A very nice consequence is the
following bound on the number of edges.

Theorem 4.6.2

For any simple planar graph G, with |E(G)| ≥ 2, we have that

|E(G)| ≤ 3|V (G)| − 6.

This follows easily after noticing that 3|F (G)| ≤ 2|E(G)|.

Example 4.6.3

Prove K5 is not planar.
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4.6 Planar Graphs

Proof. To check that K5 we note that |V (K5)| = 5 and |E(K5)| = 10, so |E(G)| = 10 6≤
9 = 3|V (G)| − 6.

What about K3,3? Is it planar or non-planar? We have that |E(G)| = 9 and 3|V (G)|−
6 = 12, so Theorem 4.6.2 does not tell us much. Nonetheless, we can use something
similar to argue that is also non-planar.

Theorem 4.6.4

For any simple, connected, planar graph G with n vertices and girth k, we have that

|E(G)| ≤ (n− 2) · k

k − 2
.

Proof. Since G is an n-vertex simple connected planar graph, by Euler’s formula, we
have that n− e+ f = 2, where e is the number of edges and f is the number of faces.
Note that this rewrites as n− 2 = e− f , which for our purposes is the same thing as

(n− 2) · k

k − 2
= (e− f) · k

k − 2
= (e− f)

(
1 +

2

k − 2

)
.

Hence, to prove that e ≤ (n− 2) · k
k−2 is equivalent to proving that

e ≤ (e− f)

(
1 +

2

k − 2

)
= e+

2e

k − 2
− f

(
1 +

2

k − 2

)
i.e.

kf ≤ 2e.

But this is immediate: just note that when you sum all the lengths fi of all faces of the
graph you get at most twice the number of edges (no edge can appear in more than two
faces); furthermore, every face of the graph is a cycle, so it has at least k edges; namely,
have that

2e ≥
f∑

i=1

fi ≥
f∑

i=1

k = kf,

which is precisely what we wanted.

In particular, if k = 3, Theorem 4.6 yields that any simple, connected, triangle-free (i.e.
with no triangles) planar graph G has at most 2|V (G)| − 4 edges. Consequently, K3,3

cannot be planar.
In fact, it turns out that K3,3 and K5 are the main “enemies” of planarity!

Theorem 4.6.5 (Kuratowski’s theorem)

A graph G is planar if and only if G does not contain a subgraph which is a
subdivision of K5 or of K3,3.

A subdivision of a graph H is constructed by replacing each edge in E(H) by a finite
path (therefore adding a few new vertices per edge). This is an absolutely beautiful (and
deep) theorem in graph theory which has paved the way for an active research area called
structural graph theory . We will discuss a few cool additional things around it in class, if
time permits (although probably not a full proof).
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4.6 Planar Graphs

For now, let us discuss another fun consequence of Theorem 4.6.

Theorem 4.6.6

Every simple, connected, triangle-free planar graph is 4-colorable.

Proof. First, we prove that a triangle-free planar graph G has at least one vertex of
degree at most three. We argue by contradiction. Accordingly, suppose that this is not
the case and that every vertex has degree at least 4. Using the same notations as above
(n for the number of vertices, e for the number of edges and v for the number of vertices),
this implies that

2e =
∑

x∈V (G)

deg(x) ≥
∑

x∈V (G)

4 = 4n;

hence, e ≥ 2n. But this contradicts the fact that e ≤ 2n− 4, which is given by Theorem
9.4. Hence, G needs to have at least one vertex of degree at most three.

To prove that a simple, connected, triangle-free planar graph G is four-colorable, we
now use induction on the number of vertices n. First, note that the base case is trivial: a
triangle-free planar graph with 4 vertices is clearly four-colorable (just put different colors
for each vertex) - this is the first base case that makes sense non-vacuously (obviously
the n ≤ 3 situations hold trivially). Now, suppose that any triangle-free planar graph
on n vertices is four-colorable and let’s prove it for n + 1. Let G be an n + 1 vertex
triangle-free planar graph. We know from above that it needs to have at least one vertex
of degree at most three, say x. Delete x and its incident edges from G and name the
remaining graph G′. Note that G′ is clearly a triangle-free planar graph with n vertices,
so by the induction hypothesis, G′ is four-colorable. Now, looking back at G, we conclude
that G is also four-colorable, since we can just color x, with a color from the four used
for G′, which does not already appear on its neighbors in G (it has only 3 neighbors so
this is possible!). This completes the induction proof.

This is very exciting since one of the major results about (simple, connected) planar
graphs is the fact that they are 4-colorable in general (without the triangle-free con-
dition). In 1852, the four-color problem was proposed as an open problem, but it took
as long as 1976 until it was proven using a computer. The question first came up in
cartography: how many colors are needed to color the different regions of a map, if two
adjacent regions should have different colors? Such a map can easily be converted to a
planar graph, where the vertices represent regions and two vertices share an edge if and
only if the two corresponding regions are adjacent.
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4.7 Testing for planarity

Philosophy 4.6.7

Planar graphs are pretty. But why are they useful? There are many good answers to
this question. One possible answer is the following: a lot of (complicated) problems
in mathematics can be rephrased in terms of graphs; if the underlying problem has a
lot of intrinsic structure, these graphs will have additional properties which are not
purely combinatorial in nature. In some cases these graphs can turn out to be planar,
so tools from geometry and topology might automatically come into play from out
of nowhere. Later in the class, we will see a jaw-dropping example where we will
solve a difficult problem in number theory using planar graphs in a suprising way.
Another possible answer is that are problems in computer science which NP-hard on
general graphs but are sometimes tractable on planar graphs –for example finding
the maximum clique (can you see why this is trivial?), finding the maximum cut,
and so on. Similarly, many problems can be solved faster on planar graphs than on
general graphs, for example, while finding the minimum spanning tree in general
graphs takes O(n log n) time in general graphs, whereas it can be done in O(n) time
on planar graphs.

§4.7 Testing for planarity

Recall Kuratowski’s theorem that a graph is planar if and only if it does not contain
a subgraph that is a subdivision of K5 or K3,3. As mentioned in the previous section,
this is a remarkable theorem in graph theory which has paved the way for an entire (and
very active) area of research called structural graph theory . Nevertheless, for computer
scientists who would like to check that a given graph on a large number of vertices is
planar it is not quite great. This last section is dedicated to them!

We discuss a polynomial time algorithm for testing whether a graph is planar.

Bad News 4.7.1

Kuratowski’s theorem by itself does not give a polynomial time test for planarity
testing, as we’d have to test all possible subgraphs for a subdivision of K5 or K3,3.
This takes exponential time!

Nonetheless, observe that since Kuratowski’s theorem gives a complete characterization
of planar graphs, it must somehow be “sitting inside” any planarity testing algorithm.
After you see the algorithm, it might be a fun endeavor to try to understand where this is
happening. There are several algorithms known for planarity testing, and the best ones
even run in linear time. However, we describe a simpler O(n3) time recursive algorithm
to keep the main ideas clear.

Ok, let’s go. First, let us make the simplifying assumption that the graph is connected,
since otherwise we consider each component separately. Similarly we can assume that
the graph is 2-edge connected –if it is 1-connected (i.e. removing a single edge breaks
the graph into two components), then we can simply contract this edge (i.e. merge its
two end-point vertices) and check the planarity of this contracted graph. Why is this
enough? Note that 2-connectedness implies that each edge lies on a cycle, so we are
making substantial progress!
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4.7 Testing for planarity

Bad News 4.7.2

Pictures would help the readability of the following proof a lot, but I ran out of
energy. If anyone is interested in helping me make these notes look pretty, it would
be very appreciated!

So let us now consider some cycle of the graph G. A crucial observation is that in
any planar drawing of G every edge lies either inside this cycle or outside. That is,
no edge can have one endpoint in the interior cycle and one endpoint in the exterior,
since such an edge would intersect the cycle. Fix a cycle C. We define a segment as
(i) any edge that either connects two non-consecutive nodes in C, or (ii) consider the
connected components G1, . . . , Gk of G obtained when nodes in C are removed. Each Gi

is connected to C in G with some edges. Let’s call these edges attachments, and let Ci

denote the attachments of Gi. We call each Gi ∪ Ci a segment.
Note that by the 2-connectedness assumption, each segment has at least two attach-

ments to C.
Two segments S1 and S2 are said to be conflicting if S1 always intersects S2 when

both segments are drawn inside the cycle. Formally, consider some segment S and let
a1, . . . , aj denote the vertices of C (in the order they appear on C) that are endpoints
of attachments of S . This divides C into intervals [a1, a2], [a2, a3], . . . , [aj−1, aj ], [aj , a1].
Consider another segment T , and let [b1, b2], . . . , [bj′ , b1] denote its corresponding intervals
(formed by endpoints of attachments of T , as previously) on C. Then S and T conflict if
any only if some interval of S interleaves with some interval of T . In other words they
do not conflict, if for every interval of T and every interval of S, they are either disjoint,
or one is contained in the other.

We define a conflict graph as follows. The vertices of this graph correspond to
segments and the edges represent conflicts. Thus if G is planar, then this conflict graph
must be necessarily be 2-colorable (i.e. bipartite), because we must be able to draw each
segment either “inside” and “outside” the cycle C.

We are almost ready to give the algorithm, but give one more definition, which is
needed to ensure that our recursive algorithm makes progress at each step and will
eventually terminate. We say that C is a separating cycle if there are at least two
segments with respect to C.

Lemma 4.7.3

Let G be a 2-connected graph. Then G has a separating cycle unless (i) G is itself a
cycle or (ii) G consists of a cycle plus exactly one path connecting two vertices of
the cycle. Moreover, if G is neither of these graphs, then we can find a separating
cycle in linear time.

Proof. Consider any cycle C (not necessarily separating). This can be found using depth
first search. If C has two or more segments we are done. Also, if there are no segments,
this means that G = C and we are done. So suppose it has exactly one segment, call it S.
Let u1, . . . , uk be the vertices of C (in the order they appear on C) where S is attached
to C. Consider two consecutive vertices u1 and u2, and consider the path on the segment
S connecting u1 and u2. Call this P . Also let W be the path on C connecting u1 and
u2 that does not contain u3, . . . , uk (if k = 2 pick either of the two parts of the cycle).
Now consider a new cycle C ′ that consists of P plus C \W . Note that C ′ is a separating
cycle unless the graph G was precisely C plus P . This is because W is one segment of
C ′ and the other segment is S \ P .
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4.8 Additional Reading

Consequently, we get the following algorithm.

Algorithm 4.7.4 (Testing for Planarity)

Use the following steps:

1. We assume that the graph G is 2-connected (by the discussion above). Consider
a separating cycle C. Again, if there is no separating cycle, by the claim above,
we know that the graph is planar. Let S1, . . . , Sk denote the segments with
respect to C. Note that since C is a separating cycle, we have at least k ≥ 2
segments.

2. If the conflict graph of the segments is not 2-colorable, return that the graph
is non-planar and terminate the algorithm.

3. For each i = 1, . . . , k, recursively test whether the graph C ∪ Si is planar.

The running time of this algorithm can be bounded by O(n3).

§4.8 Additional Reading

Chapter 6 from the textbook, i.e. “Invitation to Discrete Mathematics” (2nd ed.) by Jiri
Matousek and Jaroslav Nesetril.
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4.9 Problems: Elementary Properties of Graphs

§4.9 Problems: Elementary Properties of Graphs

These are some problems to practice the material above and do not represent homework
unless explicitly mentioned otherwise. Give them a try! Some of them will be discussed
by your TA during the upcoming discussion sessions from 4 to 5 PM on Tuesdays and
Thursdays.

Problem 4.9.1. Prove that there is no simple graph with 8 vertices total, with degrees
2, 2, 3, 3, 3, 4, 4, 4.

Problem 4.9.2. Prove that for any simple graph with n vertices and m edges, there is
a vertex with degree at least 2m/n.

Problem 4.9.3. If H1, H2 are connected subgraphs of G, and H1 ∩H2 is not null, then
H1 ∪H2 is connected.

Problem 4.9.4. Let T be a tree, and let T1, T2 be connected subgraphs of T with
V (T1 ∩ T2) 6= ∅. Show that T1 ∪ T2 and T1 ∩ T2 are trees.

Problem 4.9.5. Prove that every graph G = (V,E) has at least |V | − |E| connected
components.

Problem 4.9.6. If G is connected and has no path with length > k, then every two
paths in G of length k have at least one vertex in common.

Problem 4.9.7. Let v be an arbitrary vertex in a graph G. If every vertex is within
distance d of v, then the diameter of the graph is at most 2d.

Problem 4.9.8. Prove or disprove that if u, v, w are vertices of G, and there is an even
length path from u to v and an even length path from v to w, then there is an even
length path from u to v.

Problem 4.9.9. In a graph G with n vertices every vertex has degree at least n−1
2 .

Prove that the graph is connected.

Problem 4.9.10. Let G be a graph with |E(G)| = |V (G)|−1. Show that G is connected
if and only if G has no cycles.

Problem 4.9.11. Let G be a graph which has a closed walk of odd length. Is it true
that G has a cycle of odd length?

Problem 4.9.12. If G is connected and v ∈ V (G), v is deletable if G − v is also
connected. Up to isomorphism, how many connected simple graphs G are there with
|V (G)| = 100 and with at most two deletable vertices?

Problem 4.9.13. If a graph G has average degree 2t, then it contains every tree T with
t edges.

Problem 4.9.14. Let T1, T2 be two spanning trees of a graph G, and let e1 ∈ E(T1)−
E(T2). Prove there is an edge e2 ∈ E(T2)−E(T1) such that e2 belongs to the fundamental
cycle of e1 with respect to T2 and e1 belongs to the fundamental cycle of e2 with respect
to T1.
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4.10 Problems: Planar Graphs

Problem 4.9.15. Let G be a connected graph and for each edge e let w(e) be some
real number. Let T be a spanning tree of G such that for every edge f ∈ E(G)− E(T ),
w(f) ≥ w(e) for every edge e of the fundamental cycle of f . Show that T is a min-cost
tree.

Problem 4.9.16. Suppose graph G with n vertices contains at least 4n
3 edges. Then G

contains two intersecting cycles.

Problem 4.9.17. Prove that a graph with at most two odd cycles has chromatic number
of at most 3.

Problem 4.9.18. Let G be a graph where every two odd circles have at least a vertex
in common. Prove that G is 5-colorable.

Problem 4.9.19. Let Qn denote the graph whose vertex set is {0, 1}n (i.e. there are
exactly 2n, each labeled with a distinct n-bit string), and with an edge between vertices
x and y if and only if x and y differ in exactly one coordinate. This is called the
n-dimensional hypercube.

a) If n is even, prove that Qn has an Eulerian circuit.

b) In general, prove that Qn has a Hamiltonian path.

c) Does (b) resemble anything you have seen before?

§4.10 Problems: Planar Graphs

These are some problems to practice the material above and do not represent homework
unless explicitly mentioned otherwise. Give them a try! Some of them will be discussed
by your TA during the upcoming discussion sessions from 4 to 5 PM on Tuesdays and
Thursdays.

Problem 4.10.20. Prove that any simple, connected planar graph contains a vertex of
degree at most 5.

Problem 4.10.21. Prove that any simple, connected planar graph is 6-colorable.

Problem 4.10.22. Improve the argument from the previous exercise and show that any
simple, connected planar graph is 5-colorable. (Hint: You can use Kuratowski’s theorem).

Problem 4.10.23. A graph is a minor of a graph G if H can be obtained from a
subgraph of G by a sequence of edge contractions. Prove that K5 and K3,3 are both
minors of the Petersen graph.

Problem 4.10.24. Prove that a simple graph G is a tree if and only if G has no loop
as a minor.

Problem 4.10.25. Prove that a graph G is planar if and only if K5 and K3,3 are not
minors of G. Note that this is weaker than Kuratowski’s theorem, thus prove it from
first principles.
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4.10 Problems: Planar Graphs

Problem 4.10.26. Graph G is outerplanar if it can be drawn in the plan so that every
vertex is incident with the infinite region. Show that a graph G is outerplanar if and
only if G has no K4 or K2,3 minor.

Problem 4.10.27. Prove that if G is planar then G is a minor of a large enough grid
graph. Formally, an r×r grid graph is a graph H(V,E), where V = {1, . . . , r}×{1, . . . , r}
and two pairs (i, j) and (i′, j′) are connected by an edge if and only if |i− i′|+ |j− j′| = 1.
More intuitively, they’re just the graphs associated with the geometric square lattice
grids.)
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