
6 Probabilistic Method

Once you eliminate the impossible, whatever remains, no matter how improbable, must
be the truth.

—Arthur Conan Doyle

This is one of the most powerful tools in modern combinatorics. It was used at first by
our recurring hero, Erdős, who proved a great deal of impressive results using it. But
perhaps more importantly, he introduced a completely new perspective in combinatorics:
one can use randomness (i.e. tools from probability theory) to prove results about
concrete objects, such as sets or real numbers. In our last few classes in Math 244, we
will scratch the surface of this theory by discussing a few important examples, which will
illustrate the main idea. The canonical reference is the wonderful book by Noga Alon
and Joel Spencer called The Probabilistic Method.

§6.1 The basic tools

We will only work with finite probability spaces. Let me collect the following basic
definitions:

Definition 6.1.1. A (finite) probability space is the data of a finite set Ω (called the
sample space) and of a map (called the probability distribution) P : Ω→ [0, 1] such that∑

ω∈Ω

P (ω) = 1.

The subsets A of Ω are called events. If A is an event, its probability is defined as

P (A) =
∑
x∈A

P (x).

A random variable X is simply a map X : Ω→ R. The expectation (or mean value) of
X is

E[X] =
∑
ω∈Ω

X(ω)P (ω) =
∑
x∈R

x · P (X = x).

Note that the second sum is finite, as the image of X is finite.

An important example of probability distribution is the uniform distribution, namely
the constant map 1

|Ω| , for which P (A) = |A|
|Ω| for all events A.

Proposition 6.1.2

For any events A,B we have P (A∪B)+P (A∩B) = P (A)+P (B) and the probability
of the complement of A is 1− P (A).

Proof. This is immediate from the definition.
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6.1 The basic tools

Definition 6.1.3. a) Events A1, A2, ..., Ak are called independent if for all I ⊂ {1, 2, ..., k}
we have

P (∩i∈IAi) =
∏
i∈I

P (Ai).

b) Two random variables X,Y are called independent if the events X = a and Y = b
are independent for all a, b.

Proposition 6.1.4

If X,Y are independent random variables, then E[XY ] = E[X]E[Y ].

The proof is an easy exercise left to the reader. This proposition is very useful!
Here’s the basic idea of the probabilistic method: if you want to show the existence

of an object with properties P1, ..., Pk, it is enough to prove that there is a probability
space (Ω, P ) such that the sum of the probabilities that an object does not have property
Pi is smaller than 1.

Theorem 6.1.5

Let (Ω, P ) be a finite probability space. For any subsets A1, A2, ..., Ak of Ω we have

P (∪ki=1Ai) ≤
k∑
i=1

P (Ai),

with equality if the events are pairwise disjoint. In particular, if
∑k

i=1 P (Ai) < 1,
then ∪Ai 6= Ω.

Proof. Let B1 = A1 and let Bi be the complement of ∪i−1
j=1Aj in Ai for all i ≥ 2. Then

clearly ∪jBj = ∪jAj and the Bj ’s are pairwise disjoint. But then it is clear that
P (Bj) ≤ P (Aj) (as Bj ⊂ Aj and P takes nonnegative values) and

P (∪jAj) = P (∪jBj) =
∑

P (Bj) ≤
∑

P (Aj).

The rest is immediate.

Theorem 6.1.6 (Linearity of Expectation)

If X1, X2, ..., Xk are random variables, then

E[X1 +X2 + ...+Xk] = E[X1] + E[X2] + ...+ E[Xk].

Proof. This is an immediate consequence of the definition of expectation.

When using the probabilistic method, one is naturally confronted with estimating
probabilities, which sometimes can be quite painful. The following two inequalities are
very basic, but useful tools in estimating probabilities:
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6.2 Using the Union Bound

Theorem 6.1.7 (Markov’s Inequality)

If X is a random variable taking nonnegative values and if a > 0, then

P (X ≥ a) ≤ 1

a
E[X].

Theorem 6.1.8 (Chebyshev’s inequality)

Let X be a random variable and let a > 0. Then

P (|X − E[X]| ≥ a) ≤ 1

a2
(E[X2]− E[X]2).

Proof. For the first part, simply note that

E[X] =
∑
x

P (X = x)x ≥
∑
x≥a

P (X = x)a = aP (X ≥ a).

For the second part, using Markov’s inequality, we can write

P (|X − E[X]| ≥ a) = P (|X − E[X]|2 ≥ a2) ≤ 1

a2
E[(X − E[X])2]

and an easy computation using linearity of expectation yields the result.

§6.2 Using the Union Bound

Recall that the m-th Ramsey number R(m) is the smallest positive integer n such that
in any coloring of the edges of Kn with two colors, one can find a monochromatic Km

subgraph. The following result of Erdos from 1947 is an absolute classic. Amazingly,
even after more than 60 years, it remains close to the best known lower bound.

Example 6.2.1 (Erdos)

If 2(m2 )−1 >
(
n
m

)
, then R(m) > n. In particular, R(m) > 2

m
2 for all m ≥ 4.

Proof. R(m) > n is equivalent to finding a coloring of the edges of Kn with no monochro-
matic Km. Consider a random coloring of the edges of Kn with two colors, each having
probability 1/2. If S is an m-element subset of the vertices of Kn, let AS be the event
that the corresponding subgraph of Kn is monochromatic. We want to prove that there is
an element in the probability space (i.e. a 2-coloring) which belongs to none of the events
AS . It is enough to check that

∑
S P (AS) < 1. However, it is clear that we have

(
n
m

)
choices of sets S and for each of them P (AS) = 21−(m2 ). Thus, as long as 2(m2 )−1 >

(
n
m

)
,

we can find the desired coloring. The second part of the theorem is now easy: taking
n = [2m/2], we have (for m ≥ 4)(

n

m

)
=
n(n− 1)...(n−m+ 1)

m!
<
nm

m!
< (n/2)m ≤ 2

m2

2
−m < 2(m2 )−1.
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6.3 Using the Linearity of Expectation

Example 6.2.2

Let G = (V,E) be a bipartite graph on n vertices with a list S(v) of at least log2 n
colors associated with each vertex v ∈ V . Prove that there is a coloring of V assigning
to each vertex of v a color from its own list S(v) and such that adjacent vertices
never have the same color.

Proof. Say G is bipartite with classes of vertices A and B. Let S =
⋃
v∈V S(v). Create

sets SA, SB at random by choosing a color in S and with probability 1/2 putting it in SA
and probability 1/2 putting it in SB. For a vertex v ∈ A the probability that there is no
color on its list in SA is 1

2|S(v)| since each color in S(v) is in SA with probability 1/2 and
they are all independent. Since |S(V )| > log2 n, the probability that v cannot be colored
by some color in SA is less than 1

n . The same holds for B. The union bound implies that
the probability that at least one of the vertices cannot be colored by an element in its
list is < 1 and the result follows.

§6.3 Using the Linearity of Expectation

Let us now give a proof of Sperner’s theorem using the probabilistic method. Actually
this will be more or less a translation into probabilistic language of the double-counting
argument that we’ve seen earlier this semester. So keep your eyes open!

Example 6.3.1 (Sperner)

Let F be a family of subsets of {1, 2, ..., n} which does not contain two elements
A,B such that A ⊂ B. Then |F| ≤

( n
[n2 ]
)
.

Proof. Consider a random permutation σ of {1, 2, ..., n} (with uniform distribution)
and let Ai be the event that {σ(1), σ(2), . . . , σ(i)} ⊂ F . The hypothesis on F implies
that the random variable X(σ) =

∑n
i=1 1σ∈Ai satisfies X(σ) ≤ 1 for all σ, so that its

expectation E[X] ≤ 1. On the other hand, E[X] =
∑n

i=1 P (Ai) and the probability that

{σ(1), ..., σ(i)} is a given set with i elements is i!(n−i)!
n! , thus P (Ai) = ni

(ni)
, where ni is

the number of subsets with i elements in F . Putting this together yields the beautiful
inequality

n∑
i=1

ni(
n
i

) ≤ 1,

from which the result follows, as
( n
[n2 ]
)

is the largest among the binomial coefficients.

Time to revisit another old friend:

Example 6.3.2

Let pn(k) be the number of permutations of {1, 2, ..., n} having exactly k fixed points.
Then,

n∑
k=0

kpn(k) = n!.

Let’s show him our new tricks!
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6.3 Using the Linearity of Expectation

Proof. If X(σ) is the number of fixed points of σ, then

1

n!

n∑
k=0

kpn(k) = E[X].

On the other hand, X =
∑n

i=1Xi, where Xi(σ) = 1σ(i)=i. Then E[Xi] = P (σ(i) = i) = 1
n

and the conclusion follows by linearity of expectation.

The second key principle of the probabilistic method is this: if (Ω, P ) is a probability
space and if X is a random variable on Ω such that E[X] ≥ a, then there exists ω ∈ Ω
such that X(ω) ≥ a.

Recall that in a tournament there is exactly one match between each pair of players
and there is no draw. A Hamiltonian path in a tournament is a permutation σ of the
players such that player σ(i) beats player σ(i+ 1) for all i.

Example 6.3.3 (Szele)

There exists a tournament with n players which has at least n!
2n−1 Hamiltonian paths.

Proof. Pick a random tournament and let X be the number of Hamiltonian paths. If σ
is a permutation of the players, let Xσ(T ) be 1 if σ induces a Hamiltonian path in the
tournament T and 0 otherwise. It is clear that, as random variables, we have X =

∑
σXσ.

It is equally clear that E[Xσ] = 21−n (since the result of the matches between σ(i) and
σ(i+ 1) is imposed for all i). Thus E[X] = n!

2n−1 and the result follows.

Example 6.3.4 (Caro-Wei Theorem)

Let d1, d2, ..., dn be the degrees of the vertices of a graph. Prove that one can find a
subset S of vertices such that

1. S has at least
∑n

i=1
1

di+1 elements.

2. There are no edges between vertices in S.

Proof. Consider a random permutation σ of the vertices of our graph G, all permutations
having equal probability 1

n! . Let Ai be the event: σ(i) < σ(j) for any neighbor j of i. We
claim that P (Ai) = 1

di+1 . Indeed, we need to find the number of permutations σ of the
vertices such that σ(i) < σ(j) for any neighbor j of i. If y1, ..., ydi are the neighbors of i,
there are

(
n

di+1

)
possibilities for the set {σ(i), σ(y1), ..., σ(ydi)}, di! ways to permute the

elements of this set (and not (di + 1)!, since σ(i) is the smallest element of the set) and
finally (n− di − 1)! ways to permute the remaining vertices. So

P (Ai) =

(
n

di + 1

)
(n− di − 1)!di!

n!
=

1

di + 1
,

as claimed. Let X be the random variable X(σ) =
∑n

i=1 1σ∈Ai , then

E[X] =

n∑
i=1

P (Ai) =

n∑
i=1

1

di + 1
.

Hence one can find σ such that

X(σ) ≥
n∑
i=1

1

di + 1
.
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6.4 The Szemerédi-Trotter theorem

It is clear that the set of vertices i such that σ ∈ Ai satisfies both properties.

One can use Caro-Wei to give another proof of Turan’s theorem. Use Cauchy-Schwarz!

§6.4 The Szemerédi-Trotter theorem

In the following theorem, curves will always mean arcs of circles or polygonal lines (one
can work in a rather more general setting, but for applications this is already not bad).

Theorem 6.4.1 (Szemerédi-Trotter)

Consider n points P1, P2, . . ., Pn and m curves C1, C2, . . .,Cm in the plane. Suppose
that Ci and Cj have at most one common point for all i 6= j. Then the number of

pairs (i, j) such that Pi ∈ Cj is at most m+ 4 max(n, (mn)
2
3 ).

A very useful consequence is:

Corollary 6.4.2

Let S be a set of n points in the plane, L a collection of curves such that any two
curves have at most one common point. Suppose that each curve in L contains at

least k ≥ 2 points of S. Then L has at most 29 ·max
(
n
k ,

n2

k3

)
elements.

Proof. Let l = |L|. Then we have at least lk incidences (by hypothesis) and so the

theorem yields lk ≤ l + 4n
2
3 max(n

1
3 , l

2
3 ), from where the result follows by discussing two

cases and using that k − 1 ≥ k
2 .

Remark 6.4.3. Corollary 6.4.2 (and also Szemerédi-Trotter’s theorem) is sharp up
to a constant. Suppose that 2k2 ≤ n and consider the set of points (x, y), where
1 ≤ x ≤ k, 1 ≤ y ≤ n

k and x, y are integers. Also, consider the set of lines y = mx + b,
where m, b are positive integers such that 1 ≤ b ≤ n

2k and 1 ≤ m ≤ n
2k2

. It is easy to
check that any such line contains at least k such points (namely all points (i,mi+ b) with

1 ≤ i ≤ k). Moreover, there are about n points and about n2

8k3
lines. Also, if k ≥

√
n, one

can simply pick about n/k lines and put k points on each of them.

The original proof of theorem 6.4.1 was very intricate. We will give instead an amazing
proof of Székely by appealing to yet another old friend.

First, recall that the crossing number of a graphG, abbreviated cr(G) is the minimum
number of edge crossings of G, over all the possible planar drawings of the graph. In
particular, by definition, a graph is planar if and only if its crossing number is 0.

Furthermore, recall the following inequality from a previous HW:

Lemma 6.4.4

If G is a graph with e edges and n vertices, then

cr(G) ≥ e− 3n+ 6. (6.1)

For sake of completeness, we include a sketch of the proof here as well:
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6.4 The Szemerédi-Trotter theorem

Proof. If G is planar, then this follows from the fact that e ≤ 3n− 6. If G is not planar,
we remove edges of G which cross other edges until this is no longer possible, so you end
up with a graph G′ which is planar. Suppose that you removed k edges of G. Each of
them removes at least one crossing, so that if we accept the truth of the lemma for G′,
we can write

cr(G) ≥ cr(G′) + k ≥ e(G′) + k − 3n+ 6 = e− 3n+ 6.

While this inequality can be achieved for sparse graphs (for example, recall that there
are planar graphs with 3n − 6 edges), it is not great for dense graphs. For example,
consider G = Kn, in which case the inequality tells us that cr(Kn) ≥

(
n
2

)
− 3n+ 6. This

is sharp for n = 3 like you saw recently on second midterm, but for large n, it is quite
bad. One can prove the following much better inequality.

Example 6.4.5

Let n ≥ 3 be a positive integer. Then,

cr(Kn) ≥ 1

5

(
n

4

)
.

Proof. We show this by induction on n. First, the base case n = 5 checks out: we know
from class that K5 is not planar, so cr(K5) ≥ 1 = 5

5 = 1
5

(
5
4

)
. Moreover, we actually know

that cr(K5) = 1 since we saw that we can draw it with only 1 intersection. This proves
the base case.

Now, suppose that cr(Kn) ≥ 1
5 ·
(
n
4

)
is true and let us show that cr(Kn+1) ≥ 1

5 ·
(
n+1

4

)
.

Consider an arbitrary drawing of the complete graph Kn+1 on n+ 1 vertices in plane.
Remove a vertex x with all its incident edges to get a new graph with n vertices. This
graphs represents a drawing of Kn so it must have at least cr(Kn) crossings. Same thing
if we delete any vertex of Kn+1 in the initial arbitrary drawing: we get a graph that’s
exactly Kn so it must have at least cr(Kn) crossings. Adding up all these crossings (with
repetitions!), we get (n+ 1)cr(Kn) crossings (again, we delete each time one of the n+ 1
vertices and add up the number of crossings obtained in each picture). On the other
hand, a crossing in Kn+1 appears in one of the drawings of Kn obtained by deletion of a
vertex if the four vertices involved in the crossing (the endpoints of the two edges) are all
in the Kn (so they are not deleted vertices). Clearly, these four vertices are in n− 3 of
the Kn’s obtained (the bad Kn’s are the ones obtained when deleting one of the four
endpoints). Hence, the crossing determined by them is in n− 3 of the Kn’s. Therefore,
we have counted each crossing n− 3 times above. Therefore, we get that

(n− 3)cr(Kn+1) ≥ (n+ 1)cr(Kn),

or equivalently

cr(Kn+1) ≥ n+ 1

n− 3
cr(Kn).

But from the inductive hypothesis, we know that cr(Kn) ≥ 1
5 ·
(
n
4

)
; hence, we conclude
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6.4 The Szemerédi-Trotter theorem

that

cr(Kn+1) ≥ n+ 1

n− 3
cr(Kn) ≥ n+ 1

n− 3
· 1

5
·
(
n

4

)
=

n+ 1

n− 3
· 1

5
· n(n− 1)(n− 2)(n− 3)

24

=
1

5
· (n+ 1)n(n− 1)(n− 2)

24

=
1

5
·
(
n+ 1

4

)
.

This proves the induction step and completes the proof.

So how can we generalize this for arbitrary graphs? Turns out we can amplify (6.1)!

Theorem 6.4.6 (Ajtai, Chvatal, Newborn, Szemerédi, Leighton)

Let G be a simple graph with e edges and n vertices. If e ≥ 4n, then c(G) ≥ e3

64n2 .

Proof. Take an arbitrary number p ∈ (0, 1] and consider a random induced subgraph H of
G, by picking each vertex of G independently and with probability p. As the probability
of a given vertex to be in H is p, by linearity of expectation we have E[v(H)] = np, where
v(H) is the number of vertices of H. Also, since an edge appears in H with probability
p2, we have E[e(H)] = p2e, where e (respectively e(H)) is the number of edges of G
(respectively H).

The previous lemma and linearity of expectation yield

E(c(H)) ≥ E(e(H))− 3E(v(H)).

Note tha E(c(H)) ≤ p4c(G): take a drawing of G with exactly c(G) crossings and observe
that the probability that a crossing survives in H is p4. Hence

p4c(G) ≥ E(c(H)) ≥ p2e− 3np.

We choose p = 4n
e to obtain the desired result.

Let us now finally see why Theorem 6.4.6 implies Theorem 6.4.1.

Proof of Theorem 6.4.1. We may assume that every curve Ci contains at least one of the
points P1, P2, ..., Pn. Consider the graph G whose vertices are P1, P2, ..., Pn and whose
edges connect consecutive points on some Ci (i.e. two points Pj , Pk belonging to some
Ci, such that there is no other point Pl between them on Ci). Let e be the number of
edges of G and let I be the number of incidences between points and curves (i.e. the
number of pairs (i, j) such that Pi ∈ Cj). As every curve contains at least one point
among P1, P2, ..., Pn, we have e = I −m (since if a curve contains s points, it yields s− 1
edges of G and edges coming from two different curves are distinct). Now, since two
curves intersect in at most one point, it follows that c(G) ≤ m2. If e ≤ 4n, we deduce

that I ≤ m+ 4n and we are done. Otherwise, the previous theorem yields m2 ≥ e3

64n2 ,

thus e ≤ 4(nm)2/3 and so I ≤ m+ 4(nm)2/3. The result follows.
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6.5 An application to additive combinatorics

§6.5 An application to additive combinatorics

Elekes made a wonderful connection between Theorem 6.4.1 and a famous problem of
Erdos and Szemerédi, the sum-product problem, which asks for a sharp lower bound
of the expression max(|A+A|, |A ·A|) over all sets of real numbers A with n elements.
Here A+A = {a+ b|a, b ∈ A} and A ·A = {a · b|a, b ∈ A}.

Theorem 6.5.1 (Elekes)

For any finite set of real numbers A we have

|A+A| · |A ·A| ≥ 1

32
|A|5/2.

Proof. Consider P = (A+A)× (A ·A) as a set of points in R2. Let L be the set of lines
la,b of equation y = a(x− b), over all choices of elements a, b of A. Note that all lines la,b
with a ∈ A− {0} and b ∈ A are distinct, so |L| ≥ |A|(|A| − 1). Also, la,b is incident with
(b+ c, ac) ∈ P , for any c ∈ A. Thus we have at least |A| · |L| incidences between L and
P . Thus, by the Szemerédi-Trotter theorem, we have

|A| · |L| ≤ |L|+ 4 max(|P |, (|P | · |L|)2/3).

If |P | ≥ |L|2, then clearly

|P | ≥ |A|2 · (|A| − 1)2 ≥ |A|
4

4

and we are done. Otherwise, the previous inequality yields

|P | ≥
(
|A| − 1

4

)3/2√
|L| ≥

√
|A| · (|A| − 1)2

8
≥ 1

32
|A|5/2

and the result follows.

§6.6 Additional Reading

Chapter 10 from the textbook, i.e. “Invitation to Discrete Mathematics” (2nd ed.) by
Jiri Matousek and Jaroslav Nesetril.

§6.7 Problems: The Probabilistic Method

There are many excellent warm-up problems in the book in Chapter 10 which I strongly
recommend you to look at first, e.g. the problems from Sections 10.1, 10.2, 10.3. Below,
you have some additional problems which are more advanced, comparable to the ones
from the end of Section 10.4 (since these are the most fun).

9



6.7 Problems: The Probabilistic Method

Problem 6.7.1. A binomial random variable X(n, p) that counts the number of heads
in n independent tosses of a biased coin (that has probability p of hitting heads and
probability (1− p) of hitting tails). Argue that

P (X = k) =

(
n

k

)
pk(1− p)n−k

for all k ∈ {0, 1, . . . , n}. Find the expected value of X.

Problem 6.7.2. At a post-Covid Yale party, n guys who love hats start the following
strange experiment: each of them puts his hat in the center of a room, where the hats
are all mixed together at random. These are all the same hat they both from the Yale
Bookstore so they are indistinguishable from each other once mixed, except for the fact
everyone loves his own hat that much that they have their name knitted somewhere on
the inside. Each person takes turns and selects a hat from the mixed pile and leaves
(with the hat) if they get their own hats (after checking the names inside). If not, they
put the hats back and after everyone is done they mix them again. This goes on until
everyone gets his own hat.

(a) What’s the expected number of people who manage choose their own hat in round
1? What Example problem above is this question related to?

(b) Find the expected number of rounds needed for the experiment until everyone gets
his own hat.

Problem 6.7.3. Let X be a random variable taking integral nonnegative values. Prove
that

P (X = 0) ≤ Var(X)

E(X2)
.

Problem 6.7.4. Let xij ∈ [0, 1] for 1 ≤ i, j ≤ n. Prove that

n∏
j=1

(
1−

m∏
i=1

xij

)
+

m∏
i=1

1−
n∏
j=1

(1− xij)

 ≥ 1.

Problem 6.7.5. Prove that there exists a 2-coloring of Kn with at most
(
n
a

)
21−(a2)

monochromatic Ka’s.

Problem 6.7.6. Let A1, A2, . . . Ak be subsets of {1, 2, . . . , n} with |Ai| = 3 for all
i = 1, . . . , k. Show that it is possible to color the elements of {1, 2, . . . , n} with c colors
in such a way that at most k/c2 of the Ai are monochromatic.

Problem 6.7.7. Prove that there is an absolute constant c > 0 with the following
property. Let A be an n × n matrix with pairwise distinct entries. Then there is a
permutation of the rows of A so that no column in the permuted matrix contains an
increasing subsequence of length at least c

√
n.

Problem 6.7.8. Let V be a set with n elements and let E be a family of m subsets of
V , each having three elements. Prove that if 3m ≥ n, then there exists S ⊂ V having at
last 2n

3

√
n

3m elements and such that no element of E is contained in S.
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6.7 Problems: The Probabilistic Method

Problem 6.7.9. Let F be a family of subsets of [n] such that we cannot findA1, ..., As+1 ∈
F pairwise distinct and for which A1 ⊂ A2 ⊂ ... ⊂ As+1. Then∑

A∈F

1(
n
|A|
) ≤ s.

Problem 6.7.10. (Bollobas) Let A1, A2, ..., An and B1, B2, ..., Bn be distinct sets of
positive integers such that Ai ∩Bi = ∅ for all i, but Ai ∩Bj 6= ∅ for all i 6= j. Then

n∑
i=1

1(|Ai|+|Bi|
|Ai|

) ≤ 1.

Problem 6.7.11. (Tusza) Let A1, A2, ..., An and B1, B2, ..., Bn be distinct subsets of N
such that Ai ∩Bi = ∅ for all i and (Ai ∩Bj) ∪ (Aj ∩Bi) 6= ∅ for all i 6= j. Prove that for
all p ∈ [0, 1]

n∑
i=1

p|Ai|(1− p)|Bi| ≤ 1.

Problem 6.7.12. (Alon) The minimal degree of the vertices of a graph G with n vertices
is d > 1. Prove that there exists a subset S of the vertices such that

1) |S| ≤ n · 1+ln(d+1)
d+1 .

2) Any vertex of G is either in S or neighbor of a vertex in S.

The last problem is a difficult problem which is beyond the scope of the material, but
I wanted to include it for you to see how Chebyshev’s inequality gets used in practice
(for problems that do not explicitly look like they might need it).

Problem 6.7.13. Let v1, v2, ..., vn be n vectors in the plane, whose coordinates are

integers of absolute value less that 1
100

√
2n

n . Prove that there are disjoint subsets I, J of

{1, 2, ..., n} such that
∑

i∈I vi =
∑

j∈J vj .
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6.8 Selected Solutions

§6.8 Selected Solutions

Solution 6.7.1. One can use the definition that E[X] =
∑n

k=0 kP (X = k) and compute
the sum directly, but there is a better way. Write

X = I1 + . . .+ In,

where Ik = 1 if the kth toss is heads and 0 otherwise. It is clear that E[Ik] = p for all k;
thus E[X] = np, by linearity of expectation.

Solution 6.7.2. Let Xn be the number of rounds until everyone gets his hat when there
are n MOPers. We prove by strong induction on n that E[Xn] = n. Clearly, if n = 1,
then the claim is trivial. Now, suppose the result is true for n and say we have n + 1
MOPers. Conditioning on the number M of people that get their own hat in the first
round, we have that

E[Xn+1] =
n+1∑
i=0

(1 + E[Xn+1−i])P (M = i).

By the inductive hypothesis, we have that E[Xn+1−i] = n− i for all 1 ≤ i ≤ n+ 1, so
the above equation eventually yields

E[Xn+1] = E[Xn+1]P (M = 0) + n(1− P (M = 0)),

which gives E[Xn+1] = n+ 1.

Solution 6.7.3. We need

E(X2)− E(X)2

E(X2)
≥ P (X = 0)

or equivalently

P (X ≥ 1) ≥ E(X)2

E(X2)
.

This can also be written as∑
x≥1

x2P (X = x)

 ·
∑
x≥1

P (X = x)

 ≥
∑
x≥1

xP (X = x)

2

and follows from Cauchy-Schwarz.

Solution 6.7.4. Consider a random binary matrix (aij) such that P (aij = 1) = xij and
all these events are independent. Then

∏n
j=1 (1−

∏m
i=1 xij) is simply the probability that

each column contains at least a zero, while
∏m
i=1

(
1−

∏n
j=1(1− xij)

)
is the probability

that each row contains at least a 1. Since all matrices have this property, the result
follows.

12
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Solution 6.7.7. Pick a random permutation of the columns and compute the probability
that the first column has an increasing subsequence of length c

√
n. There are

(
n
c
√
n

)
such subsequences, and each one has a probability of 1

(c
√
n)!

of being in increasing order.

Thus the probability that any of the n columns contains a subsequence of length c
√
n in

increasing order is

p = n

(
n

c
√
n

)
1

(c
√
n)!

.

Thus, we just need to choose c such that p < 1. Now use the estimates
(
n
k

)
≤
(
en
k

)k
and

k! ≥
(
k
e

)k
.

Solution 6.7.9. The hypothesis ensures that for any permutation π of [n] we have∑
A∈F

1{π(1),...,π(|A|)}⊂A ≤ s.

Taking the expected value gives

s ≥ E(
∑
A∈F

1{π(1),...,π(|A|)}) =
∑
A∈F

E(1{π(1),...,π(|A|)}⊂A) =
∑
A∈F

1(
n
|A|
) .

Solution 6.7.10. We may assume that all Ai’s and Bj ’s are subsets of {1, 2, ..., N}.
Consider the uniform distribution on the set SN of all permutations of {1, 2, ..., N}. Let
Ei be the event consisting of all permutations σ with the following property: all elements
of Ai come before all elements of Bi in the list σ(1), σ(2), ..., σ(n). It is easy to see that
the hypothesis implies that the events Ei are pairwise disjoint. Thus

∑
i P (Ei) ≤ 1. It

remains to notice that P (Ei) = 1

(|Ai|+|Bi|
|Ai|

)
, as any subset with |Ai|-elements of Ai t Bi

is equally likely to form the first |Ai| elements in the list σ(1), σ(2), ..., σ(n). The result
follows.

Solution 6.7.11. Let X be the union of all Ai and Bi and consider a random subset S
of X such that the events x ∈ S for x ∈ X are independent and of probability p (more
formally, let Ω be the set of all subsets of X and define P (S) = p|S|(1−p)|X|−|S|, which is
a probability measure on Ω, because

∑
S⊂X P (S) = 1 by the binomial theorem) Consider

the event Ei: Ai ⊂ S ⊂ X −Bi. By hypothesis, no two events occur at the same time,
thus ∑

i

P (Ei) = P (∪iEi) ≤ 1.

On the other hand, we have

P (Ei) =
∑

Ai⊂S⊂X−Bi

p|S|(1− p)|X|−|S| = p|Ai|(1− p)|Bi|,

the last equality being an easy computation left to the reader. Inserting this in the
previous inequality yields the desired result.

Remark 6.8.1. If all Ai have a elements and all Bi have b elements, we deduce from

Tusza’s inequality (by taking p = a
a+b) that n ≤ (a+b)a+b

aa·bb .
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Solution 6.7.12. Consider a random subset S of the set of vertices V such that each

vertex is in S independently with probability p = ln(1+d)
1+d . If S′ is the set of vertices which

do not belong to S and which have no neighbor in S, then S ∪ S′ satisfies the second
condition. It is thus enough to show that

E[|S ∪ S′|] ≤ n · 1 + ln(d+ 1)

d+ 1
.

However,

E[|S ∪ S′|] ≤ E[|S|] + E[|S′|] =
∑
v

P (v ∈ S) +
∑
v

P (v ∈ S′)

≤ pn+ n(1− p)d+1 ≤ n · 1 + ln(d+ 1)

d+ 1
,

the last inequality being equivalent (after dividing by n, canceling p and taking logarithms)
to log(1− p) ≤ −p, which is well-known.

Solution 6.7.13. Note first of all that it is enough to find two distinct such subsets
I, J , for then it is enough to take out of each the common elements of I, J . Now, assume
that we cannot find two such distinct subsets and write vi = (xi, yi). Consider a random
binary sequence (a1, a2, ..., an), each ai being 0 or 1 with probability 1/2 (all these events
being independent). Consider the random variables X =

∑n
i=1 aixi and Y =

∑n
i=1 aiyi.

The point is that the values taken by (X,Y ) are all different and that a lot of values
are concentrated near the expectation of (X,Y ). To be more precise, let mx = E[X],
my = E[Y ] and observe that

Var(X) = Var(
∑

aixi) ≤
∑ x2

i

4
<

2n

40000
,

by hypothesis. Let σ2 = 2n

40000 . Using Chebyshev’s inequality, we obtain

P (|X −mx| ≥ 2σ) ≤ 1

4
, P (|Y −my| ≥ 2σ) ≤ 1

4
,

hence

P (|X −mx| ≤ 2σ, |Y −my| ≤ 2σ) ≥ 1

2
.

This means that at least half of the (pairwise distinct) points (X,Y ) are located in the
square |X −mx| ≤ 2σ, |Y −my| ≤ 2σ. But this square contains at most (1 + 4σ)2

lattice points, so

25σ2 ≥ (1 + 4σ)2 ≥ 2n − 1

2
,

which is easily seen to be impossible.
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